Strongly equatorially asymmetric polar (AP) as well as equatorially symmetric polar (SP) nonlinear rotating waves (RW) are obtained by means of continuation methods at low Prandtl number in a model of thermal convection in thin rotating spherical shells with stress-free boundary conditions. The main goal is to study this new type of convection which is confined at high latitudes in one (AP RW) or both (SP RW) hemispheres, developing a strong axisymmetric component very close to the onset. The AP branch corresponds to the 1st linear instability, which has azimuthal wave number m = 19, while the SP branch corresponds to the 2nd m = 19 linear instability. The latter branch becomes stable, demonstrating the relevance of computing several eigenfunctions in linear stability analysis. The low Prandtl number regime is crucial for understanding geophysical and astrophysical convection. We discuss how these waves may be relevant in modelling various geo/planetary/stellar scenarios, in particular that of Jovian convection. Our simulations show equatorially asymmetric zonal winds with a pronounced decrease at the equator (the so-called dimple).
The problem of thermal convection in rotating spherical geometries is of central importance in planetary science and astrophysics. Planets and stars, which are rapidly rotating, have spherical fluid layers subject to strong temperature gradients in their interiors. These factors strongly constrain the appearance of convective instabilities, responsible for the dynamics and evolution of planetary and stellar interiors. Usually [1] the problem is formulated in terms of the Boussinesq approximation of the Navier-Stokes and energy equations in the rotating frame of reference. In this study, these equations are solved subject to differential heating and assuming stress-free boundary conditions and perfectly conducting boundaries. The system is controlled by the aspect ratio η between the inner and outer boundaries, the Prandtl Pr and Taylor Ta numbers (characterising the relative importance of viscous (momentum) diffusivity to thermal diffusivity, and rotational and viscous forces, respectively), and the Rayleigh number Ra (associated with differential heating), see [2] for definitions and details of how to solve the equations. and Pr 10 −1 for the Jovian atmosphere, see [3] ). According to the previous pioneering linear study, polar modes are good candidates to be linearly dominant in such regimes. The present study explores, for first time, an exciting parameter regime for astrophysical/planetary convection. It numerically investigates the nonlinear saturation of the AP/SP modes with η = 0.9, Pr = 3 × 10 −3
and Ta = 10 7 . Although the latter value is far from real applications, AP modes are preferred and the very large η and low Pr lead to very challenging small spatial and time scales. Specifically we consider N r = 30 radial collocation points and L = 114 spherical harmonics truncation parameter (up to N r = 50, L = 190 to check results) with time steps around ∆t = 5×10 −6 . According to [3] an m = 19 azimuthal wave number convective pattern of AP type develops at a critical Rayleigh number Ra c = 3.056 × 10 2 (see Fig. 5 of [3] ). Continuation methods and the stability analysis of periodic orbits [4, 5] are used to obtain AP RW, bifurcating from the conductive state, as a function of Ra. In addition, a branch of SP RW associated with the second preferred m = 19 mode (with Ra c = 3.26 × 10
2 ) is also traced. This study constitutes one of the largest application of continuation methods in fluid dynamics at present, investigating over 300 RW in a regime with a large number of degrees of freedom n = 1150517 (n = 5362609, when N r = 50, L = 190). It reveals immense complexity not explained by direct numerical simulations (DNS) but nonetheless vital for understanding real systems. AS is larger in all the branch (see Fig. 1(a,b) ) meaning that the flow is strongly EAS very close to the onset. The axisymmetric m = 0 component of the flow loses abruptly its equatorially symmetric (ES) behaviour while in contrast the nonaxisymmetric (m > 0) component becomes more ES, see Fig. 1(c) . This contrasts to the strong ES m = 0 flow component found previously in EAS flows at larger Pr [6, 7] .
Strongly supercritical Ra values are needed to reach these values at larger Pr in thicker shells (see [7] ). In Fig. 1(d,e,f ) the SP branch of RW is included. Its k.e.d. is significantly larger than the corresponding one on the AP branch (see Fig. 1 in the south hemisphere as a result of the strong EAS. Despite this strong difference, the growth of axisymmetric flow component or changes in rotating frequency are quite similar on both branches (see Fig. 1 (e,f)).
Surprisingly, the SP branch has a wider stable region starting very close to the onset of the 2nd m = 19 linear mode (at Ra c = 3.28 × 10
2 ). This result is important because it is usual to compute only the first instability (for each m) in linear studies [8] . From bifurcation theory modulated rotating waves (MRW) are stable when RW lose their stability via supercritical Hopf bifurcations at Ra = 3.18 × 10 2 (AP branch) and Ra = 3.73 × 10 2 (SP branch). In addition, unstable MRW could indeed be present near Ra = 3.28 × 10 2 , i.e where RW on the SP branch become stable. The FM λ k are quite clustered near the unit circle (0.88 < |λ k | < 1 for the k = 1, .., 10 at Ra = 3.73 × 10 2 on the SP branch). Thus several secondary bifurcations take place. Near the bifurcation points these secondary solutions can be obtained from a superposition of a RW and the unstable FM, properly scaled. In addition, very long initial transients (O(10 2 ) diffusion time units) should be filtered before the flow finally saturates when DNS are used. Moreover, because RW with azimuthal wave number close to m = 19 are also expected to be stable near the onset (see [3, 5] ) multistability regions of several RW and MRW involving different azimuthal as well as equatorial symmetry could be found giving rise to a very rich nonlinear periodic, quasiperiodic and even chaotic dynamics very close to the onset (Ra/Ra c < 1.3).
The azimuthal velocity v ϕ patterns on the outer surface along the AP and SP branches are shown in the 9.1e-2 -9.5e-2 2 solutions are stable with convection confined near the north pole. This is the first time this type of flow has been described. Although with further increasing Ra a positive v ϕ increases at lower latitudes, it is significantly weaker than the negative v ϕ around the north pole. Along all of the AP branch k.e.d. is also located near the north pole. In SP RW, convection develops on both hemispheres and, as in the AP branch, v ϕ is positive on a wide equatorial belt and negative near the poles, the latter being stronger. Note that on the AP as well as the SP branches convection is weakly multicellular showing characteristic rays of inertial waves studied in [10] . This is best shown in meridional sections of Figs. 1-4 of supplementary file.
The study of the patterns of RW and their leading FM is important because it characterises the symmetry of the secondary oscillatory solutions bifurcated from the branches (see [5] ). These secondary solutions might play a key role in organizing the global dynamics (see [11] for instance) and thus chaotic flows close to the onset. On Fig. 3 the same contour plots as Fig. 2 are shown for different leading FM at Ra = 3.2 × 10 2 on the AP branch (1st row) and at Ra = 3.78 × 10 2 on the SP branch (2nd row) (see also Figs. 5-8 of supplementary file). These Ra are close to the bifurcations to stable MRW. In both branches the 1st leading FM is quite similar to the RW and thus similar MRW are expected. In contrast, other FM behave quite differently having strongly nonaxisymmetric convection located near the equatorial region (i.e like outer equatorially attached (EA) modes of [3] ), several bands of axisymmetric convection almost at the poles, or a combination of both.
The left three plots of Fig. 4 (see also Fig. 9 of supplementary file) are instantaneous contour plots of the temperature perturbation Θ, v ϕ , and v ϕ on a spherical slice at r ≈ r i + 0.5d, and r = r o , respectively, of a DNS at Ra = 3.5 × 10 2 obtained with AP initial conditions. The flow is strongly EAS and located in polar regions, recalling an AP RW. In contrast, convection at larger Ra = 5 × 10 2 (right group of three plots) also develops in the equatorial region taking the form of vertical columns. The latter resemble the patterns of the EA FM shown in Fig. 3 . Although the flow is still EAS, strong ES develops on a wide equatorial belt of positive v ϕ or v ϕ (see two right sections of Fig. 4) . This positive v ϕ shows a strong dimple (relative minimum) near the equator.
The study of zonal winds is relevant because they can be measured in several planetary and stellar scenarios (see [9] for the case of Jupiter). Latitude profiles of Ro = v ϕ /Ωr o are shown in Fig. 5 . Those for the AP RW at Ra = 3.98 × 10 2 , the SP RW at Ra = 3.78 × 10 2 , and the 2nd leading FM of the latter RW are shown in panel (a). Both classes of RW have negative (around 60
• ) and positive (around the equator) zonal bands. However, zonal winds for the AP RW are strongly EAS, being positive around −60
• . The FM of EA type (2nd FM of the SP RW) gives rise to a large number of bands with two strong relative minimum and relative maximum for lat- itudes in (−20
• , 20 • ). All these characteristics can be identified in the zonal wind profile of the chaotic DNS at slightly larger Ra = 5 × 10 2 , see Fig. 5(b) . This chaotic convection may be related to heteroclinic motions connecting unstable waves (see [5] for instance). Note the agreement between the superposition of latitudinal profiles of Fig. 5(a) and the profile of the chaotic DNS, both showing a strong dimple at the equator. Because AP/SP modes may be dominant close to a parameter regime expected for the Jovian atmosphere [3] , polar nonlinear convection, as described in this paper, could help to explain key features observed in Jovian zonal winds. The formation of a strong dimple at the equator and its equatorial asymmetry are not accounted by current Boussinesq models [6] . The dimple feature can be found in anelastic models but the zonal wind decreases by less than 20% at the equator [6] . In our case the decrease is greater than 50% a value more comparable to that observed in the Jovian atmosphere (see Fig. 5(c) , Hubble data for Jupiter is taken from [9] ).
The combination of AP and SP RW together with polar FM may also give rise to coherent structures without equatorial symmetry, similar to those observed in the north pole of Saturn [12] . The Polar convection is known to grow in strongly nonlinear regimes [13] but we have shown the existence of polar EAS flows at very low Rayleigh numbers. In addition because AP modes can be preferred with nonslip conditions [14] , these results may be relevant for the understanding of planetary core dynamos. According to [7] EAS flows favour the appearance of multipolar magnetic fields which have been shown to be characteristic of thin shells [15] . Finally, very low Pr and large η are common in stellar convective zones [3] . In the case of accreting neutron star oceans, convection [16] , zonal flows [17] , pattern formation and coherent structures [18] , are key issues for a deeper understanding of thermonuclear X-ray bursting phenomena. (from top to bottom rows). The left three plots are the spherical, equatorial and meridional sections of the temperature perturbation Θ. Spherical and meridional sections are taken where Θ has a relative maximum. Right three plots: The same for v φ but spherical section is at ro. This figure complements first row of Fig. 2 in the main manuscript. 2 (left group of three sections) and Ra = 5 × 10 2 (right group of three sections). These solutions are obtained by DNS from initial condition on the asymmetric branch. Each group of three plots are the spherical, equatorial and meridional sections of the temperature perturbation Θ (first row). Spherical and meridional sections are taken where Θ has a relative maximum. Second and third rows are as 1st row but for v φ and v 2 /2. The spherical section is in this case at ro. This figure complements Fig. 4 in the main manuscript.
